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We have measured the thermal diffusivityD th and the nonradiative relaxation ratesG for the double tran-
sitions Q1(0)1S2(0) and Q2(0)1S1(0) in solid parahydrogen in the temperature range from 5.2 K to 12.2 K
by the technique of transient thermal lensing spectroscopy~TTLS!. We have derived a formula which repro-
duces the temporal evolution of the TTLS signal. In this formula, we have defined a characteristic wave-vector
magnitude, with which we can examine the achievement of local thermal equilibrium in the system. The
characteristic wave-vector magnitude also enables quantitative comparisons between the TTLS and the tran-
sient thermalgrating spectroscopy, which is a similar technique to the TTLS. We have obtained the tempera-
ture dependences ofD th and G by least-squares fit of the derived function to the observed signals without
employing any other temperature-dependent parameters. At relatively low temperatures, the temperature de-
pendence ofD th has been found to be in good agreement with that in the previous measurements, while at
relatively high temperatures the values ofD th are slightly smaller than those in the previous measurements. We
have found thatG is almost temperature independent in the investigated temperature range as has been
theoretically predicted. The value ofG obtained is 4.3 104 s21, which is substantially slower than the value
3.03105 s21 reported by Kuoet al. @Phys. Rev. Lett.53, 2575~1984!#.



















































Solid parahydrogen is the simplest molecular crystal a
is known as a kind of quantum crystal such as solid heliu
Numerous studies on solid parahydrogen have been ca
out for decades in both experiments and theories, and
quantum nature has been ascribed to the weak interac
between the constituent parahydrogen molecules.1
In the last decade, vibrons in solid parahydrogen h
been actively studied by high-resolution spectroscopy2–4
Furthermore, new types of nonlinear optical processes h
been realized through the vibrational Raman transit
Q1(0) (v50→1, J50→0).5–7 In the nonlinear optical pro-
cesses, the population and phase relaxation times of the
evant states are important factors which affect the conver
efficiency or magnitude of nonlinear susceptibility. Both r
laxation times, however, have not yet been sufficiently
plored in solid parahydrogen since the pioneering work
Kuo et al.8
In studying lattice anharmonicity, it is essential to kno
the temperature dependence of the mean free path
phonons, which can be estimated from thermal diffusiv
Although thermal properties of solid parahydrogen such
specific heat and thermal conductivity have also been
plored extensively,9,10 detailed direct measurements of th
temperature dependence of the thermal diffusivity in so
parahydrogen have not been carried out so far. In addit
the temperature dependencies of the linewidth and the
quency shift for the Q1(0) transition in solid parahydroge
have been studied recently, and both the line broadening
the line shift have been ascribed to the vibron-phon
interactions.4,11 These researches imply the necessity of f
ther investigations on the phonon linewidth in the so
























experiments.12 In the conventional measurements for therm
diffusivity, it is necessary to attach a heat source and te
perature sensors in contact with the sample. However, it i
course more desirable to employ a nondestructive met
especially for the samples used in the optical experiment
in the present case of solid parahydrogen.
In the present work, we report on the simultaneous m
surement of both the thermal diffusivity and nonradiati
relaxation rates for Q1(0)1S2(0) (v50→1, J50→0; v
50→2, J50→2) and Q2(0)1S1(0) (v50→2, J50
→0; v50→1, J50→2) transitions of parahydrogen mo
ecule in solid parahydrogen by means of the transient th
mal lensing spectroscopy~TTLS!. For this purpose, we for-
mulate the temporal evolution of the TTLS signal und
appropriate initial and boundary conditions, and compare
formula with the conventional ones. Also a quantitative co
parison between the TTLS and the transient thermal gra
spectroscopy13 ~TTGS!, which is a similar technique to the
TTLS, is made for the first time to our knowledge. The d
rived formula provides simultaneous determination of t
thermal diffusivity and the nonradiative relaxation rate of t
parahydrogen molecule through least-squares fit to the
perimental signal without employing any other temperatu
dependent parameters. We also estimate the temperatur
pendence of the mean free path of phonons from
measured thermal diffusivity.
II. THEORY
Although there are several theories14–16 on thermal lens-
ing effect and the technique of TTLS, none of them match
our practical experimental arrangement. In this section,
derive a formula which reproduces the TTLS signal which
observed in our experimental arrangement.








































































KOREEDA, SONEHARA, OHNO, OKADA, AND SAIKAN PHYSICAL REVIEW B68, 224306 ~2003!the measurement in the TTLS. On incident of the puls
pump laser whose oscillating frequency is resonant to on
the transition frequencies of the hydrogen molecule, the
sorbed light energy is transferred to the lattice vibrations
the transition is dipole forbidden. Therefore, an axially sy
metric temperature distribution is built up in the sample a
rate which is called ‘‘the nonradiative relaxation rate’’ for th
transition and then the temperature distribution decays
thermal diffusion. The above process is transferred to the
probe laser via the optothermal lensing effect, which usu
gives rise to transient defocusing of the probe beam. Th
by monitoring the central portion of the intensity of the c
probe laser behind an aperture, we can simultaneously re
both the nonradiative relaxation of the parahydrogen m
ecules and the thermal diffusion in solid parahydrogen in r
time.
We make the following procedure to derive the time d
pendence of the relative signal intensity. First, by using th
modynamic theory, we derive the temporal and spatial
pendences of the transient change in the refractive ind
which is induced by the relaxation of the optically excit
molecules. Next we derive the time dependence of the pr
beam size at the position of the aperture, and finally
derive the time dependence of the relative intensity of
TTLS signal, which we detect through the aperture beh
the sample.
A. Formulation for the refractive-index change
The dielectric properties of an optical medium are
fected by various thermodynamic variables such as the t
perature, the pressure~or stress!, or the density~or strain!.
We assume here that the change in the refractive index






where time- and space-dependent refractive index is defi
as
n~r,t !5n01dn~r,t !.
In liquids and gases, these thermal contributions to
refractive-index change are dominated by the indirect c
pling between the light and heat, i.e., the refractive-ind
change is mainly induced by thermal expansion. In sol
especially in so-called quantum crystals which are known
have large anharmonicity, however, there may exist dir
FIG. 1. A schematic view of the principle for the measurem
of the TTLS signal.l andd denote the sample length and the d
































processes in which thermal fluctuations perturb dielec
constant directly.17 We assume here that Eq.~1! contains
both the direct and indirect contributions.
Assuming thatdn(r,t) is simply proportional todT(r,t)
as in Eq.~1!, all we have to do is find the analytical form o
dT(r,t) by solving thermodynamic and hydrodynamic equ
tions. The following treatment fordT(r,t) is partially re-
ferred to the work of Barker and Rothem.16
B. The thermal diffusion equation with time-dependent
slow heat source
In our experiment of TTLS for solid parahydrogen, th
heat source is the optically excited parahydrogen molecu
Since the transition is dipole forbidden, the absorbed li
energy has to be transferred to the lattice vibrations,
raise the lattice’s temperature at a rate which is called
nonradiative relaxation rate for the transition. In terms of t
nonradiative relaxation rate, sayG, we assume the time de




where N0 is the initial population of the molecules in th
excited state.
In most experiments for ordinary materials other th
solid hydrogen, the nonradiative relaxation of molecular
electronic excitation is so fast compared to the thermal
fusion that we can usually neglect the ‘‘buildup’’ time o
heat. Therefore, most conventional analyses assumed an
pulsive response of the system for the heat source.14,15 In
solid hydrogen, however, the relaxation rates of the mole
lar excitations are expected to be much slower than thos
ordinary materials due to the weak interaction between
parahydrogen molecules.1 In addition, low temperatures o
T&0.1QD , whereQD is the Debye temperature, which
107 K for solid hydrogen, lead to relatively fast diffusion o
heat. This means that in solid hydrogen the rate of ther
diffusion can increase to approach the nonradiative re
ation rate as the temperature decreases. So we must ta
finite buildup time of heat into account when solving th
thermal diffusion equation for solid hydrogen.
Let us first derive the inhomogeneous thermal diffusi
equation to be solved. The continuity equation for the ene







wheree(r,t) andJ are the energy and the density of the he
flux, respectively, and we have assumed an isotropic med
although solid parahydrogen has a hexagonal-close-pa
structure. In terms of the mass densityr and the specific hea








whereQ(r,t) is the temperature change caused by the h



























THERMAL DIFFUSIVITY AND NONRADIATIV E . . . PHYSICAL REVIEW B 68, 224306 ~2003!constant and a fluctuating part ase(r,t)5e01de(r,t). Ac-
cording to Fourier’s law, the heat flux density is proportion
to the temperature gradient as
J52k“dT~r,t !, ~5!
wherek is the isotropic thermal conductivity. From Eqs.~4!
and ~5! we obtain the inhomogeneous thermal diffusi














Since no temperature change exists att50 and our
sample has a cylindrical shape, we set the initial and bou
ary conditions for Eq.~6! as
dT~r ,u,z,0!50,
dT~R,u,z,t !50,
respectively, where we have adopted cylindrical coordina
namely, r5(r ,u,z), and R is the radius of the cylindrica
sample cell. In our experiment,C has to beCV ~specific heat
at constant volume! because our sample is not allowed
expand or shrink in the cell12 as will be mentioned in Sec
III.
Let us now find the explicit form ofQ(r,t). Let qmol be
the absorbed energy of one molecule andf (r) be the spatial
distribution of the excited molecules, thenQ(r,t) can be
expressed as
Q~r,t !5qmol@N02N~ t !# f ~r,t !,
whereN(t) is assumed to have the form defined in Eq.~2!
Since the absorption coefficienta can be expressed asa
5N0qmol /Q0, whereQ0 is the incident pulse energy of th





If the pump laser has a Gaussian beam profile whose b
radius isw, the spatial distribution of the excited molecul
can be written asf (r)5e22r
2/w2 and the heat source term








We can expand the spatial part~the Gaussian distribution! in
the inhomogeneous term, Eq.~8!, by the Bessel function o
order zero, which is the eigenfunction of the homogene











whereqn is the nth eigenvalue and can be expressed asqn
5ln /R, with ln the nth zero ofJ0(x), namely,l152.40,
l255.52,l358.65, and so on. The expansion coefficientcn











whereJ1(x) is the Bessel function of order one. Note thatcn
is a function ofw andR, and that the smallerw gives more
contributions of largeqn’s whenR is fixed. This means tha
reducing the pump-beam radius increases the number o
modes which diffuse relatively fast. Figure 2 shows the m
nitudes ofcn’s for different values ofw. It is seen that the
largest contributions are located atqn.l1 /w. Therefore, we









The characteristic wave-vector magnitudeq̄ nables a quan
titative comparison between the TTLS and TTGS.13 In the









wherelpump andu are the wavelength of the pump light an
the intersecting angle between the two pump beams, res
tively. Thus, we have an approximate relation betweenw i
the TTLS andu in the TTGS as
FIG. 2. Magnitudes of the expansion coefficientscn for various
pump beam radii. From the upper tracew5(2.40/16)R,
(2.40/19)R, and (2.40/33)R, respectively. Note that the largest co


































where u is assumed to be small. This relation shows,
example, that forlpump5800 nm andn51.14 an intersecting
angle of 10 mrad in the TTGS approximately corresponds
a pumping-beam radius of 27mm in the TTLS. Equation
~12! is particularly useful in determining the practical expe
mental arrangements in the TTLS if the mean free path
phonons has to be taken into account.
If we assume thatdT(r ,t) can be separated into tempor







Tn~ t !J0~qnr !, ~13!
and substituting Eqs.~9! and~13! into Eq.~6!, we obtain the







Note that the sign ofTn(t) does not change regardless
whetherD thqn
2 is greater or less thanG. Furthermore,Tn(t)




















It should be noted that we will observe multiple wave-vec
components of the temperature change through diffractio
the probe laser rather than observe only one wave-ve
component as in the TTGS or spontaneous Rayleigh l
scattering experiments: in other words, we can regard
~15! as a superposition of the solutions with various wa
vector magnitudes in the TTGS or spontaneous Rayle
light scattering. Figure 3 shows the temporal and spatial
pendences of the solution, Eq.~15!. It is seen that the spatia
width of the initial Gaussian distribution broadens as tim
goes on.
As a comparison with the previous theories,8,14,15,18 we
consider a characteristic time with which heat diffuses. T
characteristic timetc adopted by Kuoet al. was w
2/8D th ,
8
while that in our case is (D thq̄
2)215w2/5.78D th , which is
comparable to the former and indicates thatq̄ consistently
represents the average wave vector in the TTLS of our
perimental arrangement. The different factors 1/8 and 1/5
in the two cases probably arise from the different bound
conditions:R→` was assumed in the former, while a fini















C. The time-dependent signal intensity
In the TTLS experiment, a central portion of the pro
beam intensity is monitored through an aperture. Accord
to Ref. 15, the spot radius of the probe laser at the positio




pb F S 12 df ~ t ! D
2
b21~ l 1d!2G , ~16!
wherel is the wavelength of the probe laser,b[pv1
2/l is
the Rayleigh length~or the confocal parameter!, and v1 is
the spot radius of the probe laser atz50, i.e., at the front
surface of the sample.f (t) is the time-dependent effectiv
focal length of the medium which is associated with the te
perature distribution as14
1






dT~r ,t !ur 50 . ~17!




pb F S 12 ld dndTdT9~0,t ! D
2




























2Tn~ t !. ~19!
HereTn(t) anddT(r ,t) are defined in Eq.~14! and Eq.~15!,
respectively, andJ2(x) is the Bessel function of order 2.
FIG. 3. The spatial and time evolution of the solution for E
~6!: ~a! 0<t<10 ms; ~b! 0<t<100 ms. The values employed fo
w, D th , and G are 250mm, 2310
















































THERMAL DIFFUSIVITY AND NONRADIATIV E . . . PHYSICAL REVIEW B 68, 224306 ~2003!For a Gaussian-beam profile with a spot radius ofv3(t),
the normalized intensityI(t) detected behind an aperture
radiusa is given as
I~ t;a!5 I ~ t;a!
I ~ t;a!ua→`
,
whereI (t;a) is the probe-beam intensity detected behind
aperture of radiusa, andI (t;a)ua→` is the total probe-beam
intensity at the position of the aperture. SinceI (t;a) can be
calculated as
















I(t;a) can be written as
I~ t;a!512e22a2/v32(t).
Following the conventional formulations14–16 for the
time-dependent signal intensity, we adopt the change in

















For a smalla and a largev3, Eq. ~20! can be approximated







and becomes independent of the aperture radiusa. Equation
~21! is consistent with the previous analyses,8,15 which as-
sume that the intensity behind the aperture is inversely p
portional to the spot area of the probe beam. This is exa
correct only for a probe beam with a uniform spatial dist
bution of intensity. As we will mention below, howeve
since a51.5 mm and v3054.6 mm in our experiment
2a2/v3
2 becomes as large as 0.21, which implies that
approximation using Eq.~21! is not relevant in our analysis
Substituting Eq.~18! into Eq.~20!, we obtain a theoretica
signal intensity as a function ofdT9(0,t) of Eq. ~19!, and we
can numerically trace it. However, it is more straightforwa
to trace the theoretical signal as a function of tempera
changedT rather thandT9(0,t) itself. To do so, we assum
in Eq. ~19! thatdT952 12 q̄
2dTeff , whereq̄ is the magnitude
of an average wave vector which was defined in Eq.~10! and
dTeff is the effective temperature change during the trans
thermal lensing effect. The theoretical trace of the norm








parameters employed are approximately equal to those
have adopted in our experiment;l 51 cm, d53 m, l
5514.5 nm, b515 cm, n051.14, w5470 mm, and
dn/dT52231024 K21. The value ofdn/dT is about three
times larger than that used by Kuoet al. in Ref. 8 in accor-
dance with the analysis made by Liet al.19 The inset shows
the same curve in the range of 0<dT,1 K. Naturally, the
normalized signal intensity is saturated for a sufficien
large temperature change.
It is found in Fig. 4 that the signal intensity can b
roughly regarded as a linear function ofdTeff or dT9(0,t) if
S(t;a) is as small as 0.01. This means that the expression
dT9(0,t) of Eq. ~19! can directly reproduce the experiment
signals if the experiments are so performed that the rela
signal intensity does not exceed 0.01. This makes it q
simple to estimate both the thermal diffusivity and the no
radiative decay rate simultaneously in the TTLS, despite
fact that the rigorous time dependence of the signal inten
which is given in Eq.~20! in terms of Eq.~18!, has a rather
complicated form. The difference between a linear funct
and the curve shown in Fig. 4 critically depends on the m
nitudes of the coefficients which are multiplyingdT9(0,t) in
Eq. ~18!. In the simulation made above, the relative diffe
ence is less than 15%, which is reasonably accurate in
analysis regarding the temporal fluctuations in the exp
mental signal intensity, which are typically 10% or greate
To check the actual effect of the nonlinearity describ
above, we have measured the pump-energy dependen
the signal intensity of the TTLS. However, we could not fin
any distinguishable nonlinearity within the experimental
rors, i.e., we found that the signal intensity was almost p
portional to the temperature change within the experime
errors. Although there remains a possibility of overestim
tion of the nonlinearity in the simulation, the result indicat
that Eq.~19! can actually reproduce the experimental sign
FIG. 4. Normalized theoretical signal intensity as a function
the effective temperature change in the range of 0<dTeff
,0.02 K. The inset shows the same curve in the range o
<dTeff,1 K. It is important to note that we have deduced t
effective temperature changedTeff by assuming an average wav
vector of q̄5l1 /w, wherel152.40. The values of the paramete








































































KOREEDA, SONEHARA, OHNO, OKADA, AND SAIKAN PHYSICAL REVIEW B68, 224306 ~2003!and also ensures a simple analysis of the experimental d
Therefore, we can conclude that the time dependence o
signal intensity of the TTLS in our experimental arrangem





2Tn~ t !, ~22!
whereA is a proportionality coefficient.
III. EXPERIMENT
We used the TTLS method to measure the tempera
dependence of the thermal diffusivity and nonradiative rel
ation in solid parahydrogen. The principle of this method h
been already mentioned in the beginning of Sec. II. It
however, well known that the TTGS~Ref. 13! is more ad-
vantageous than the TTLS, in that the TTGS can explic
define the wave vector of the observed excitation. So,
should comment here on the reasons why we did not cho
the TTGS but the TTLS.
In the TTGS, the intersecting angle between the t
pump beams has to be smaller than a few mrad for
present sample of solid parahydrogen becauseq d fined in
Eq. ~11! has to be as small as possible in order that lo
thermal equilibrium is always achieved, as will be discuss
later in Sec. IV D. Such a small intersecting angle make
difficult to distinguish the true signal from the parasitic bac
ground of the strong thermal lensing effect. Furthermore,
situation becomes more difficult if we prepare a pu
parahydrogen sample because higher parahydrogen con
tration makes the thermal diffusion faster and requires a
smaller intersecting angle. In fact, we could not obtain a
reproducible signals in the TTGS for solid parahydrogen
In the TTLS, however, such a condition for the achiev
ment of local thermal equilibrium can be easily satisfied
adopting a pumping-beam radius larger than'100 mm,
which we can estimate from Eq.~12!. That is why we de-
cided to adopt the TTLS rather than the TTGS from t
viewpoint of experimental reliability.
A. Experimental setup for the TTLS
The experimental setup for the TTLS is depicted in Fig.
The pump laser was a pulsed-tunable Littman-type Ti:s
phire laser pumped by the second harmonic of a Nd:Y
~yttrium-aluminum-garnet! laser whose pulse width wa
'7 nsec. The probe laser was a cw Ar1 laser oscillating at a
single longitudinal mode of 514.5 nm. In order to avo
sample heating by the probe laser, an acousto-optic mod
tor was inserted for reduction of duty. The pump and pro
beams collinearly entered into the sample, and only
probe beam was filtered by a short-wave pass filter. A gra
was placed after the short-wave pass filter in order to re
the residual pump laser. The aperture before the dete
transmitted the central portion of the probe beam. The s
sizes of the pump and probe beams were individually va
by changing each of the focusing lenses. To ensure unif
defocusing effects in the pump region, the focal lengths




































size of the probe laser became smaller than 1/3 of that of
pump laser. The Rayleigh lengthb of the probe laser was
'10–15 cm, and the spot radius at the aperture in the
sence of the pump laser, namely,v30, was 4.6 mm. The spo
radius of the pump laser at the sample surface was 470mm.
The Rayleigh length and the spot sizes were measured
using a 12-mm-long linear charge-coupled device array,
both the pump and probe beams were found to have a w
defined Gaussian spatial profiles. The distance from
sample to the apertured was 2.92 m. The temporal change
the probe-beam intensity was recorded by a digital osci
scope and was averaged over 100 to 300 times by a c
puter.
B. Sample preparation
The solid parahydrogen sample was prepared by mean
liquid-phase pressurizing method,12 which can provide trans-
parent and crack-free single crystals of parahydrogen. F
thermore, parahydrogen crystals grown by this method h
a high damage threshold against incident pulse lasers.
sample cell was made of 10-mm-thick stainless steel and
a 10-mm-diameter hole for the sample and a 1-mm-th
Teflon cylindrical spacer. Therefore, the sample crystal h
an 8 mm diameter and 10 mm thickness. The ortho-p
conversion was carried out at temperatures between 1
and 17 K, providing a parahydrogen concentration of 99.7
which we measured from the integrated intensity ratio
tween the spontaneous Raman scattering lines for S0(0) (J
50→2, v50→0) and S0(1) (J51→3, v50→0).20
In the TTLS, it is necessary to deposit heat in the sam
In our experiments, we made use of the nonradiative re
ation of rotational-vibrational excited states of parahydrog
molecule, namely, Q1(0)1S2(0) and Q2(0)1S1(0). Figure
6 shows the absorption spectrum of the Q1(0)1S2(0) and
Q2(0)1S1(0). Thesedouble transitionsare known to occur
via induced dipole moments due to molecular quadrupo
and higher-order induction mechanisms: since the indu
dipole moment is a consequence of interactions of a pai
molecules, simultaneous transitions of two molecules up
FIG. 5. ~Color online! Experimental setup for the transient the
mal lensing spectroscopy. The short-wave pass filter and grating






































THERMAL DIFFUSIVITY AND NONRADIATIV E . . . PHYSICAL REVIEW B 68, 224306 ~2003!absorption of one radiation quantum can be observed.1,21The
pulsed Ti:sapphire laser was tuned to each of the absorp
lines by monitoring the TTLS signal. The excitation ener
was carefully reduced so as not to excite any Q1(0) transi-
tion via stimulated Raman scattering, which could give r
to a TTLS signal due to the nonradiative relaxation of t
Q1(0) transition.
19
We observed the TTLS signals for both the Q1(0)
1S2(0) and Q2(0)1S1(0) transitions and found that th
signal intensity was stronger for the Q1(0)1S2(0) transi-
tion. However, we could not find any significant difference
both the rising and decay rates of the TTLS signals for
two transitions within the experimental error. Therefore,
will mention only the results for the Q1(0)1S2(0) transition
hereafter.
IV. EXPERIMENTAL RESULTS AND DISCUSSION
A. Temperature dependence of the TTLS signals
and the fitting results
The temperature dependence of the TTLS signals
shown in Figs. 7~a! and 7~b!, where the open and soli
circles represent the experimental signals and the s
curves are the least-squares fit of Eq.~22!. A slow rising
behavior is clearly seen in Fig. 7~a! indicating a slow nonra-
diative relaxation of H2 molecules in solid parahydrogen
Also we see in Fig. 7~b! that the signal decay due to therm
diffusion becomes faster with decreasing temperature.
As seen in Fig. 7~a!, at relatively high temperatures
namely,T*10 K, the heat diffuses so slow compared to t
temperature rising rate that one may ignore the effect of th
mal diffusion in a sufficiently short time after pumping. I
such a case, the nonradiative relaxation rate for the m
ecules can be determined by least-squares fit of a single
ponential growth function as
S~ t !}12e2Gt, ~23!
to the signal rising region. This is because Eq.~22! becomes
proportional to 12e2Gt asD th goes to zero. In fact, we wer
able to fit Eq.~23! to the data for 11.2 K and 12.2 K suc
FIG. 6. Absorption coefficient of solid parahydrogen in t
wavelength range from 796 nm to 798 nm. The absorbing ban
the right arises from the Q1(0)1S2(0) transition, while the band in








cessfully with two additional fitting parameters, namely,
scaling factor and baseline. It should be noted, however,
the approximation by Eq.~23! is only valid when G
@D thq̄
2: if heat diffuses faster than it is created, then t
signal does not build up at a rate ofG but builds up approxi-
mately at a rate ofD thq̄
2 as will be discussed in Sec. IV E
In order to obtain the nonradiative decay rate only, ther
another simple way of approximation for the signal risi
region: only the initial slope of the signal att.0 has been












where we have assumed thatdn/dT is negative and have
used a relation for Eq.~19! that
lim
r→0F limt→0 ddt dT9~r ,t !G52 aQ0rCV 4w2 G.
Since Eq.~24! is proportional toG, one can experimentally
measureG only from Eq.~24! in principle. It is important to
note that the initial slope of the signal of Eq.~24! does not
depend on the rate of the thermal diffusion. Therefore,
though it has not been discussed before, this approxima
can be applied for signals even at relatively low tempe
tures, where thermal diffusion rate is comparable to or e
faster than the buildup of heat by nonradiative relaxation
the molecules.
Recently, Li et al.19 have investigated very carefully th
temperature dependence ofG for the Q1(0) transition of
in
FIG. 7. ~Color online! Temperature dependence of the TTL
signal for solid parahydrogen in the temperature range from 5.
to 12.2 K.~a! 0<t<150 ms, ~b! 0<t<8 ms. The solid curves are
the least-squares fits of Eq.~22! to the experimental data. Note tha





































































KOREEDA, SONEHARA, OHNO, OKADA, AND SAIKAN PHYSICAL REVIEW B68, 224306 ~2003!solid parahydrogen utilizing Eq.~6! of Ref. 8, which is es-
sentially equivalent to Eq.~24!. For its sake, however, on
must accurately know all the 11 parameters on the right-h
side of Eq.~24!. The parameters include not only the ge
metrical parameters which require very careful measu
ments but also the temperature-dependent variables suc
a, r, CV , or dn/dT, some of which are strongly samp
dependent or not fully given in tables. Furthermore, it is
course impossible to obtain the thermal diffusivity in th
way.
In contrast, the least-squares fit of Eq.~22! to the entire
data points completely eliminate the above difficulty sin
the initial slope, i.e., the scaling factor, is just a fitting p
rameter in this case. In fact, we set only four fitting para
eters in our analysis, namely, the scaling factor, the base
G, andD th . We first found the initial values forD th andG by
fit of an approximate function as
S~ t !5A~e2Gt2e2D thq̄
2t!1B, ~25!
whereA and B are the scaling factor and baseline, resp
tively. Since Eq.~25! can be regarded as a single-compon
version of Eq.~22!, one can obtain an approximate value
G andD th .
We took 32 terms in the sum in Eq.~22!, which was found
to be accurate enough for our experimental arrangem
While we could fit Eq.~22! to the entire data points in th
signals at 11.2 K and 12.2 K, better fitting results were o
tained when we fitted Eq.~22! and Eq.~23!, respectively, to
the signal decay and rising region of these high-tempera
data. This is probably due to the fact that the number of
data points in the signal rising region for such high tempe
tures is much fewer than that in the decay region as see
Fig. 7~b!.
As the temperature is lowered, the thermal diffusion b
comes faster as seen in Fig. 7~b!. At temperatures below 10
K, Eq. ~22! almost completely reproduces the entire expe
mental points, while the approximation by Eq.~23! for the
signal rising region described above is invalid in this te
perature region since the rising and decay regions can
longer be separated as done at higher temperatures.
In the subsequent sections, we will present the temp
ture dependences of the nonradiative decay rate for Q1(0)
1S2(0) transition and the thermal diffusivity in soli
parahydrogen, and make some discussions on them.
B. Temperature dependence ofG
The temperature dependence of the nonradiative re
ation rate for Q1(0)1S2(0) transition is shown in Fig. 8
The open squares (h) represent the values which were o
tained by fitting Eq.~22! to the entire data points of eac
signal trace, while the open triangles (n) and the solid
circles (d) were obtained by fitting Eq.~22! and Eq.~23!,
respectively, to the rising part of the signal.
The value which was obtained at 11 K by Kuoet al.8 is
3.03105 s21, and it is approximately seven times larger th
our value at nearly the same temperature. As mentione
Ref. 19, the large difference might come from theudn/dTu
























smaller than that employed by Liet al., yielding a three
times fasterG in accordance with Eq.~24!. Even if we take
this into account, the value 1.031025 s21 by Kuo et al. is
still more than twice as fast as ours. There might be so
other possible reasons, e.g., the different way of sam
preparation or the different orthohydrogen concentration,
this difference in the value ofG is probably due to the un
certainty in other parameters such asdn/dT in Eq. ~24!
which they used in their analysis. In contrast, no paramete
necessary to be known in our analysis.
The values obtained forG are almost temperature inde
pendent in the temperature range investigated except the
values at 7.2 K and 8.2 K. As we will discuss later in Se
IV E, these two values are probably due to an artifact in
process of the least-squares fit of Eq.~22!; the fitting pro-
gram seems to become unstable around 7 K because it en-
counters some00 problem due to the coincidence of the ra
of thermal diffusion and the rate of nonradiative relaxati
around 7 K.
There is a theory22–24which accounts for the temperatur
dependence of the nonradiative relaxation in molecular c
tals in terms of the multiphonon processes, and it predic
very weak temperature dependence at low temperature
quantitative comparison of our result with the theory requi
some unavailable parameters such as the average vibron
quency or the most probable number of vibrons involved
the relaxation processes. Instead, however, a simpler ca
which the molecule is embedded in a monatomic lattice
be compared to the experimental result as a reference.
temperature dependence of the nonradiative relaxation in
case of monatomic lattice is predicted to be apprecia
stronger than in the case of such a polyatomic lattice as s
parahydrogen.23 The solid curve in Fig. 8 is a fit of the the
oretical function of Eq.~30! in Ref. 23 with only one fitting
parameter, the relaxation rate atT50 K. It is predicted that
the onset of the temperature dependence appearinT
*12 K in Fig. 8 should shift to the higher temperatures a
the temperature coefficient ofG should be much smaller fo
the case of a polyatomic lattice.23 We have assumed that th
nonradiative relaxation rates are additive and have the fo
FIG. 8. The temperature dependence of the nonradiative re
ation rate for Q1(0)1S2(0) transition in solid parahydrogen. Th
open squares represent the values obtained by fitting Eq.~22! to the
entire data points. The open triangles and solid circles are the va
obtained by fitting Eq.~22! and Eq.~23!, respectively, to the signa
rising part only. The solid curve is obtained by fitting Eq.~26! to the
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according to the discussions by Kuoet al.8 Here G0 is the
nonradiative relaxation rate atT50 K; g1(T) andg2(T) are
the normalized nonradiative relaxation rates forv51 andv
52 vibrational excited states, respectively, and their expl
form is23
gv~T!5~e
\vv /kBT21!~e\vA /kBT21!2vv /vA,
wherevv andvA are the vibrational frequency of the mo
ecule for thevth vibrational excited state and the avera
lattice phonon frequency, respectively. We have assumed
vv5154150 cm
21 and vv5252vv5158300 cm
21, which
satisfy thatvv511vv52.12 500 cm21, the measured fre
quency of the Q1(0)1S2(0) transition as described in Se
III B. Also we have assumed that the average lattice pho
frequency corresponds to the Debye frequency of solid
drogen, i.e,vA570 cm
21.10 The value ofG0 obtained by
fitting Eq. ~26! was 4.3 104 s21, which almost coincides
with the average of the measured values ofG except the data
points at 7.2 K and 8.2 K. Taking the predicted weaker te
perature dependence into account, we can conclude thatG is
almost constant at least in the temperature range inv
gated, and the value is 4.33104 s21. This result will be re-
ferred in the analysis forD th later in Sec. IV C.
Recently, Li et al. have made another quantitative com
parison between the theory and experiment for the temp
ture dependence of the nonradiative relaxation in so
parahydrogen for Q1(0) transition.
19 They reported that they
could not reproduce the increasing behavior of the obser
temperature dependence ofGQ1(0) if they set vA
570 cm21, which is the Debye frequency of solid hydroge
while they could if they assumed thatvA540 cm
21. The
difference between the analysis made by Liet al. and ours
might come from the different excited states investigat
namely, Q1(0) and Q1(0)1S2(0), or it might come from the
different excitation method, i.e., the use of stimulated Ram
scattering and optical absorption. However, since they
lized a formula like Eq.~24!, it is also possible that the
uncertainties in some of the temperature-dependent pa
eters employed in the formula would be significant.
C. Temperature dependence ofD th
The temperature dependence of the thermal diffusivity
the solid parahydrogen is shown in Fig. 9. The measu
thermal diffusivity increases with decreasing temperature
Fig. 9, the closed circles (d) represent the values obtaine
by fitting Eq. ~22! to the experimental signals with bothD th
and G set as fitting parameters in addition to the scal
factor and baseline. The open squares (h) are the values
obtained by fitting Eq.~22! with G fixed to 4.3 104 s21,
which is the extrapolated value ofG at 0 K, as described in
the preceding section. The solid curve is an interpolation
the literature values ofD th , which were estimated by com
bining the values of the thermal conductivity reported in R
10 for parahydrogen-concentration of 99.66%, the spec
heat at constant volume in Ref. 9, and the molar density
0.0435 mol/cc. Note that the molar density is temperat






















sample fills the sample cell and is not allowed to expand
the cell.12 As seen in Fig. 9, the values represented by
closed circles (d) are approximately equal to the value
represented by the open squares (h) at all temperatures ex
cept 7.2 K and 8.2 K. At these temperatures, however,
values represented by the closed circles (d) are singularly
large. As we have mentioned in the preceding section, th
an artifact in the curve fitting processes. Therefore, we ad
the values represented by the open squares (h) as D th for
the temperatures 7.2 K and 8.2 K.
The measured thermal diffusivity is almost consiste
with the values estimated from literatures~the solid curve!
below 7 K, while the literature values are slightly larger th
the measured values between 7 K and 11 K. This can be
explained qualitatively as follows. As has been pointed ou12
the molar volume of solid parahydrogen rapidly increas
approximately above 8 K. The parahydrogen samples
ployed previously could almost freely expand in the sam
cell and would not experience any strong compression
strain at temperatures below the triple point, where th
crystals were grown and the molar volume took the larg
value.10 In contrast, as the molar volume increases, o
sample crystal experiences an increasing compression
strain because our parahydrogen sample fills the sample
and cannot expand in the cell.12 This additional strain should
disturb the phonon propagation in the crystal to a grea
extent than in the previous samples. Therefore, it is proba
that the mean free path of phonons in our parahydro
sample are shorter than that in the previous samples abo
K, yielding smaller thermal diffusivity in this temperatur
range.
D. The mean free path of phonons
and the hydrodynamic limit
If we assume isotropy, we can estimate the mean free p
of phonons in the parahydrogen crystal from the relation
D th5
1
3 v̄ l̄ , ~27!
FIG. 9. Temperature dependence of the thermal diffusivity. T
closed circles (d) represent the measured thermal diffusivity b
fitting Eq. ~22! with both D th and G set as fitting parameters. Th
open squares (h) are the values obtained by fitting Eq.~22! with G
fixed to 4.3 104 s21. The solid curve is an interpolation of th
literature values ofD th , which were calculated by combining th
values of the thermal conductivity reported in Ref. 10 f
parahydrogen-concentration of 99.66%, the specific heat at con





























































KOREEDA, SONEHARA, OHNO, OKADA, AND SAIKAN PHYSICAL REVIEW B68, 224306 ~2003!wherev̄ and l̄ are the mean velocity and mean-free path
phonons, respectively. We adopt Debye’s mean velo
@(1/v l
212/v t
2)/3#21/2 as v̄, wherev l andv t are the longitu-
dinal and transverse acoustic velocity, respectively, and
obtain v̄51520 m/s. As shown in Fig. 10, decreasing te
perature lengthens the mean free path of phonons du
decrease in the number of the thermal phonons in
crystal.25
Next, we discuss the hydrodynamic limit to verify th
validity of our macroscopic description made in Sec. II B.
l̄ is sufficiently short compared to a characteristic lengthl c ,
we can regard that the phonons collide frequently within
length l c . In this case, the system can be treated as a ga
phonons, and such hydrodynamic or thermodynamic eq
tions as Eqs.~4! or ~5! are valid in a length scale longer tha
l c . However, if the mean free path of phonons becom
comparable to or longer thanl c , local thermal equilibrium
cannot be achieved within a length ofl c , and simple macro-
scopic descriptions cannot be applied to the system.26–28
If we take q̄21 as l c , the valueq̄ l̄ corresponds to the
inverse of the number of the phonon collisions within
length ofq̄21. For the achievement of local thermal equili
rium, therefore, we require thatq̄ l̄ !1 at all temperatures
that we investigated. We see in Fig. 10 that the value ofl̄ at
the lowest temperature of 5.2 K is 23mm, which givesq̄ l̄
.0.12, indicating that approximately eight to nine collisio
occur within a length ofq̄215w/2.40.200 mm. This is a
reasonably good condition for the achievement of local th
mal equilibrium within the length scale ofq̄21, and our mac-
roscopic description is actually valid at the lowest tempe
ture investigated.
In general, we must be careful so thatq̄ l̄ may not exceed
unity when we apply the thermodynamic or hydrodynam
equations to a system of interest. Otherwise, the anal
may not be straightforward as done in this paper. Suc
situation is possible when we cool the sample down to e
lower temperatures, employ a smaller pump beam radius
prepare a purer sample crystal~with higher parahydrogen
concentration! which is known to make the phonon mea
free path longer.10 It is important to note that such discu
FIG. 10. The mean free path of phonons in solid parahydro
of 99.7% orthohydrogen concentration estimated from the rela
















sions in terms of the valueq̄ l̄ could not have been mad
without a concept of wave vector in thermal diffusion, whi
the concept has not been explicitly incorporated in the p
vious analyses on the TTLS.8,14,15,18,19
E. Discussions on the crossover temperature
Here we discuss on the ‘‘crossover temperature,’’ at wh
D thq̄
2 becomes equal toG. We first consider the situation
that T5Tc , where Tc is the crossover temperature. Sin
Tn(t) in Eq. ~14! does not diverge even whenD thqn25G,
nothing singular is expected to take place in the system aTc
except that the situation makes the fitting program unsta
due to some00 problem in the curve fitting processes. If th
contribution of a mode satisfyingD thqn
2.G is not so large,
the curve fitting processes will not be affected so mu
However, if the contribution of such a mode becomes larg
the fitting processes will be more influenced. The effe
should be the largest whenD thq̄
2.G because the mode
whose wave-vector magnitude isq̄ has the largest contribu
tion among the constituent modes in the TTLS signal,
have been already shown in Fig. 2. In fact, calculatingD th
from the relation D th5G/q̄
2 yields a D th of 1.6
31023 m2/s, which lies between the values ofD th obtained
for 6 K and 7 K ~see Fig. 9!. Although it is slightly lower
than the temperatures such as 7 K or 8 K, this gives a g
account of the artifact which appeared in the analysis for
temperatures around 7 K.
Next we consider the situation thatT,Tc . According to
Eq. ~14!, Tn(t) does not change its sign regardless of whet
D thqn
2 is greater or less thanG. This means that a positive
temperature change is always induced whent.0 even if the
heat diffuses faster than it is created. In such a case, altho
it may sound paradoxical, the time dependence of the sig
should now consist of a rising part due to thermal diffusi
and a decay part due to heat creation. One may expect
no temperature rise occurs if heat diffuses faster than i
generated. However, Eq.~22! could not reproduce the exper
mental signals if we drop the modes which diffuse faster th
the heat creation from the sum in the Eq.~22!, i.e., if we
assumed thatTn50 for n satisfyingD thqn2.G. This implies
that the experimental signals belowTc actually have rising
rates faster thanG. We consider that the nonsingular fittin
results below 7 K shown in Figs. 8 and 9 also support th
above discussion.
V. SUMMARY
We have measured the thermal diffusivityD th and the
nonradiative relaxation ratesG for Q1(0)1S2(0) and
Q2(0)1S1(0) transitions of parahydrogen molecule in th
temperature range from 5.2 K to 12.2 K by using the te
nique of TTLS. To analyze the temporal evolution of th
experimental signals, we have made a formulation which
suitable for our experimental conditions, i.e., we have
sumed a small cylindrical sample cell and weak pump
energy. The solution obtained for the temporal evolution









































THERMAL DIFFUSIVITY AND NONRADIATIV E . . . PHYSICAL REVIEW B 68, 224306 ~2003!functions, each of which represents the temporal evolutio
the TTGS signal with a finite signal rising time and vario
wave-vector components.
At temperatures higher thanTc , the signal rises at a rat
of G and then decays at a rate of the thermal diffusion, wh
at temperatures belowTc , its vice versa. Here,Tc is the
crossover temperature at which the average thermal diffu
rateD thq̄
2 coincides withG. The values ofD th andG have
been determined directly by fitting the derived function
the data in the temperature range from 5.2 K to 12.2 K.D th
has been found to be in good agreement with the prev
measurements at low temperatures approximately below
The difference between our results and those from literatu
above 8 K probably comes from the different method
sample preparation. We present in Table I the measured
ues ofD th in the temperature range from 5.2 K to 12.2 K
G has been found to be almost temperature independe
the temperature range investigated, and its approxim
value is 4.3 104 s21, which is substantially small compare
to the value 3.03105 s21 reported by Kuoet al.8 for the
temperature of 11 K. This difference might be due to t
uncertainties in the other temperature-dependent param
such asdn/dT employed in their analysis.
Finally, we have introduced a characteristic wave-vec
magnitudeq̄ in the TTLS. This parameter is particularly e
sential for the considerations on the local thermal equi
rium, which is associated with the relation between the m
free path of phonons and the characteristic length. We h
also shown thatq̄ provides a quantitative comparison b
tween the TTLS and TTGS for the first time to our know
edge.

























in order to investigate the lattice anharmonicity of so
parahydrogen in detail. Effects of orthohydrogen concen
tion including the case of normal hydrogen crystal on t
values ofD th andG also have to be studied. In addition, th
temperature dependences for other excited states of hydr
molecule should be explored. In carrying out these exp
ments, however, attention must be paid to the achievemen
local thermal equilibrium, which can be verified from th
relation between the mean free path of phonons and the c
acteristic length scale.
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TABLE I. Temperature dependence of the thermal diffusivity
solid parahydrogen with parahydrogen concentration of 99.7%
the temperature range from 5.2 K to 12.2 K.
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